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Abstract. High-speed milling of thin-walled part is a common application for aerospace industry, 
automotive, computer hardware and bioengineering industries. Aiming at the small-stiffness 
frequency response characteristics of thin-walled parts, the dynamic model and critical condition 
of stability was proposed by the relative transfer functions between cutter subsystem and 
thin-walled part subsystem in this paper. The stability critical domain was predicted by 
semi-discretization (SD) method based on the dynamic behavior of the multi-DOF system. It can 
be shown that the chatter condition in high-speed milling is closely related to both cutter speed 
and depth of cut, besides cutter geometry, engagement conditions, relative frequency response 
function, material property of thin-walled part and so on. This conclusion provides a theoretical 
foundation and reference for the milling mechanism research. 
Keywords: high-speed milling, thin-walled parts, relative transfer function, chatter stability, 
small radial immersion. 
1. Introduction 
Nowadays peripheral milling machining is one of the most important manufacturing processes, 
and the technology of this process has been widely developed in recent years. However, 
productivity is often limited by strong vibrations; this regenerative vibration creates chatter. 
Chatter causes poor surface roughness, increases the rate of tool wear and reduces the spindle life 
span. Machining of thin-walled parts requires large amount of material removal, hence affecting 
the overall production time and cost. The problems that emerge due to high flexibility of the 
cutting tool-workpiece system limits the productivity, especially when trial and error based 
approaches are employed to set cutting conditions [1, 2]. The relative vibrations between flexible 
end mill and workpiece are the source of most of the problems that occur during manufacturing 
of thin webs. Intermittent engagement of cutter and workpiece excites a wide range of structural 
natural frequencies that result as unstable chatter vibrations and stable forced vibrations [3-5]. 
Some researchers have studied on the chatter stability in general milling for several years. 
Altintas [6, 7] presented chatter stability in the different milling conditions. Pogacink [8] 
investigated on dynamic stability by the method of parameters optimization. Thevenot [9] 
proposed the dynamic behavior variations in the 3D lobe diagram based on thin-walled workpiece, 
which the model was verified by milling test. Budak [10-14] presented chatter stability by the 
variable pitch cutters based on the flexible components and predicted workpiece dynamics in 
milling process based on the updated finite element model. Song [15] studied the predicting 
simultaneous dynamic stability limit of thin-walled part in high-speed milling process by finite 
element method. Tang [16] and Bravo [17] investigated the milling stability of thin-walled 
component and extended to 3D stability analysis, which cutting parameters were optimized based 
on the appropriate dynamic behavior. Insperger [19] predicted the chatter stability by the 
semi-discretization method for periodic delay-differential equations. 
This paper is divided into four main sections; in the first part, entitling the proposed model, a 
dynamic model between flexible cutter and workpiece will be proposed. In the second section, the 
relative transfer function of cutter-workpiece system will be applied by discussing transfer 
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functions of thin-walled part and cutter respectively, and then the modal test will be conducted. 
The third part, the calculation model of stability lobes and simulation process, will built machining 
stability model based on the relative transfer function, the simulation flow process and so on. The 
next part, the influence analysis of technological parameters on chatter stability, will analyze 
chatter stability relative to both cutter speed and depth of cut, besides cutter geometry, engagement 
conditions, and frequency response function. Finally, in section four section, some conclusions 
and suggestions from this study are given. 
2. The proposed model 
The final dimensional accuracy of the finished surface is one of the significant objectives of 
thin-walled machining. The static deflections caused by the forces, and relative vibrations between 
cutting tool and workpiece may result in surface location errors (SLE), as shown in Fig. 1(a). The 
surface accuracy for milling of thin walled components has to be investigated considering the 
relative static deflections between flexible tool and flexible workpiece. Furthermore, the 
machining system (tool subsystem and thin-walled subsystem) is flexible in the perpendicular 
direction to the cutting speed, which the vibration will increase in the case of the gap between a 
pass and the previous one causes an increase in the width of the chip in Fig. 1(b). 
When the tool and thin-walled part have similar dynamic behaviors, the two subsystems have 
simultaneous displacement produced by the cutting forces. These displacements are intimately 
related, as both subsystems are in contact with each other with the tool teeth action. The cutting 
force appears out along this contact between tool and thin-walled part, which will effect on 
dynamics of milling system, so the method is presented here in multi-modes. 
 
a) 
 
b) 
Fig. 1. Scheme of the “flexible cutter-workpiece” system 
2.1. Relative transfer function of tool-workpiece system model 
Machine tools have multiple degrees of freedom (DOF) in various directions. The vibrations 
between the cutting tool and generated workpiece surface are the main interest. From the Newton’s 
second law, the equation of motion for the cutting tool or workpiece can be written in matrix form 
yields as: 
[ܯ௫]{ݔሷ } + [ܥ௫]{ݔሶ } + [ܭ௫]{ݔ} = {ܨ}. (1)
Because the modes are orthogonal to each other, they have the following properties: 
{ܲ}ଵ் [ܯ௫]{ܲ}ଶ = 0,    {ܲ}ଵ் [ܯ௫]{ܲ}ଵ = ݉௤ଵ, (2)
where ݉௤ଵ is the modal mass associated with the first mode. When the orthogonality pinciple is 
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applied aimilaily to the remaining mode shapes, the local mass and stiffness mateixes are the 
transformed into modal coordinates: 
[ܯ௤] = [ܲ]்[ܯ௫][ܲ], [ܭ௤] = [ܲ]்[ܭ௫][ܲ], [ܥ௤] = [ܲ]்[ܥ௫][ܲ]. (3)
The resulting modal mass ([ܯ௤]) and modal stiffness ([ܭ௤]) matrixes are diagonal, and each 
diagonal element represents the modal mass or modal stiffness associated with a mode. The 
transformed modal damping matrix [ܥ௤] is also disgnal. 
By applying modal transformations to Eq. (1), we can obtain the equations of motion in modal 
coordinates: 
[ܯ௤]{ݍሷ } + [ܥ௤]{ݍሶ } + [ܭ௤]{ݍ} = 0. (4)
By applying the same modal transformations to both sides of the equations of motion for forced 
vibrations Eq. (1) the force vector {ܨ} can be transformed to modal coordinates: 
{ܴ} = [ܲ]்{ܨ}. (5)
The forced vibration expressions in modal coordinates become: 
[ܯ௤]{ݍሷ }} + [ܥ௤]{ݍሶ } + [ܭ௤]{ݍ} = {ܴ}. (6)
The modal displacements can be expressed as matrix form: 
{ݍ} = ൣΦ௤൧{ܴ}, (7)
where Φ௤  is the diagnal modal transfer function matrix. Substitutiong {ܴ} = [ܲ]்{ܨ}  and  
{ݔ} = [ܲ]{ݍ} into Eq. (7), we obtain the vibrations in local coordinates: 
{ݔ} = [ܲ][Φ௤][ܲ]்{ܨ}, (8)
or: 
{ݔ} = ൭෍{ܲ}௞{ܲ}௞்Φ௤,௞
௡
௞ୀଵ
൱ {ܨ}, (9)
where {ܲ}௞ is the eigenvector for mode k, and n is the number of degrees of freedom. Thus the 
harmonically forced vibrations for each coordinate can be calculated using the mode shaps {ܲ}௞, 
mode transfer functions Φ௤,௞, and the external force vector {ܨ}. 
The frequency response function is expressed for workpiece – tool system in one degree of 
freedom: 
߶(ݏ) = ݕ(ݏ)ܨ௙(ݏ) =
߱௡ଶ
݇(ݏଶ + 2ߦ߱௡ݏ + ߱௡ଶ), (10)
where ݇ is stiffness (N/mm2), is ߞ damp ratio, is ߱ frequency (Hz) 
The frequency response function is expressed for tool subsystem in multi-degrees of freedom 
as follows: 
[߶(ݏ)]௖ = ෍
߱௖,௡,ఐଶ
݇௖,௜൫ݏଶ + 2ߞ௖,௜߱௖,௡,௜ݏ + ߱௖,௡,௜ଶ ൯
௡
௜ୀଵ
. (11)
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Similarly, the workpiece subsystem frequency response function is given: 
[߶(ݏ)]௪ = ෍
߱௪,௡,ఐଶ
݇௪,௜൫ݏଶ + 2ߞ௪,௜߱௪,௡,௜ݏ + ߱௪,௡,௜ଶ ൯
௡
௜ୀଵ
. (12)
The relative displacement between the tool and workpiece is (ݔ௧ − ݔ௪), where ݔ௧ and ݔ௪ are 
displacements of the tool and workpiece, respectively. The cutting forces acting on the tool (ܨ௧) 
and the workpiece (ܨ௪) have the same opposing directions (i.e., ܨ௧ = −ܨ௪). The displacement and 
force vectors for an ݊-DOF system can be expressed in local coordinates as: 
{ݔ} = {ݔଵ, ݔଶ, … , ݔ௧; ݔ௪, … , ݔ௡}, {ܨ} = {0,0, … ,1; −1, … ,0}ܨ଴. (13)
The equation of motion for the system is: 
[ܯ௫]{ݔሷ } + [ܥ௫]{ݔሶ } + [ܭ௫]{ݔ} = {ܨ}, (14)
where the local mass [ܯ௫], damping [ܥ௫], and stiffness [ܭ௫] matrices are square with dimentions 
[݊ × ݊], and the force vector {ܨ} has a dimension of [݊ × 1]. The solution of the eigenvalue 
problem leads to a modal matrix [ܲ] with a dimention of [݊ × ݊]: 
[ܲ] =
ۏ
ێ
ێ
ێ
ێ
ێ
ۍ ଵܲଵଶܲଵ
⋮
௧ܲଵ
௪ܲଵ
⋮
௡ܲଵ
ଵܲଶ … ଵܲ௧
ଶܲଶ … ଶܲ௧
⋮
௧ܲଶ … ௧ܲ௧
௪ܲଶ … ௪ܲ௧
⋮
௡ܲଶ … ௡ܲ௧
ଵܲ௪ … ଵܲ௡
ଶܲ௪ … ଶܲ௡
⋮
௧ܲ௪ … ௧ܲ௡
௪ܲ௪ … ௪ܲ௡
⋮
௡ܲ௪ … ܲ௡௡ ے
ۑ
ۑ
ۑ
ۑ
ۑ
ې
, (15)
or: 
[ܲ] = [{ܲ}ଵ, {ܲ}ଶ, … , {ܲ}௧,{ܲ}௪, … {ܲ}௡], (16)
where each column represents a mode shape {ܲ} of the n-DOF system structure. From the modal 
coordinate transformation equation (ݔ = [ܲ]{ݍ}), the and the workpiece displacements can be 
calculated using the associated rows t and w of the above modal matrix: 
{ݔ௧} = { ௧ܲଵ, ௧ܲଶ, … ௧ܲ௧, ௧ܲ௪, … , ௧ܲ௡}{ݍଵ, ݍଶ, … , ݍ௧, ݍ௪, … , ݍ௡}்,{ݔ௪} = { ௪ܲଵ, ௪ܲଶ, … ௪ܲ௧, ௪ܲ௪, … , ௪ܲ௡}{ݍଵ, ݍଶ, … , ݍ௧, ݍ௪, … , ݍ௡}். (17)
Substituting the modal force ({ܴ} = [ܲ]ܶ{ܨ})  into the modal displacement vector  
({ݍ} = ൣΦ௤൧{ܴ}), and remembering that all elements of the force vector {ܨ} are zero except the 
two corresponding to coordinates ݔ௧ and ݔ௪, yields: 
{ݍ} = ൣΦ௤൧ ൞
௧ܲଵ − ௪ܲଵ
௧ܲଶ − ௪ܲଶ
⋮
௧ܲ௡ − ௪ܲ௡
ൢ ܨ଴ =
ە
۔
ۓΦ௤ଵ( ௧ܲଵ − ௪ܲଵ)Φ௤ଶ( ௧ܲଶ − ௪ܲଶ)
⋮
Φ௤௡( ௧ܲ௡ − ௪ܲ௡)ۙ
ۘ
ۗ
ܨ଴. (18)
Substitution of these modal displacements into Eq. (17) gives the local displacements of the 
tool and workpiece, respectively: 
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ݔ௧ = ܨ଴ ෍ Φ௤௜ ௧ܲ௜( ௧ܲ௜ − ௪ܲ௜)
௡
௜ୀଵ
, ݔ௪ = ܨ଴ ෍ Φ௤௜ ௪ܲ௜( ௧ܲ௜ − ௪ܲ௜)
௡
௜ୀଵ
. (19)
When the machine tool structure is excited by a harmonically varying force at the cutting point, 
the relative transfer function between the tool and workpiece becomes: 
ݔ௧(߱) − ݔ௪(߱)
ܨ଴(߱) = ෍ Φ௤௜( ௧ܲ௜ − ௪ܲ௜)
ଶ
௡
௜ୀଵ
. (20)
2.2. The calculation model of chatter stability  
After the development of this relative transfer function, the calculation model of the stability 
lobe diagram analytically is the next step. The resulting chip thickness consists of the static part 
( ௭݂sin߶௝), attributed to rigid body motion of the cutter, and a dynamic component caused by the 
vibrations of the tool at the present and previous tooth periods. Since the chip thickness is 
measured in the radial direction, the general dynamic chip thickness can be expressed as follows: 
ℎ௝(ݐ) = ௭݂sin ቀ߶௝(ݐ)ቁ + ቎
sin ቀ߶௝(ݐ)ቁ
cos ቀ߶௝(ݐ)ቁ
቏
்
൜[ݔ௧(ݐ) − ݔ௧(ݐ − ܶ)] − [ݔ௪(ݐ) − ݔ௪(ݐ − ܶ)][ݕ௧(ݐ) − ݕ௧(ݐ − ܶ)] − [ݕ௪(ݐ) − ݕ௪(ݐ − ܶ)]ൠ, (21)
where, ௭݂ is feed rate per tooth, [ݔ௧(ݐ), ݕ௧(ݐ)]் is the dynamic displacement vector of tool at the 
present time ݐ. [ݔ௪(ݐ), ݕ௪(ݐ)]் is displacement vector of workpiece at the present time ݐ. ߶௝(ݐ) is 
the instantaneous angular immersion of tooth ݆ as following: 
߶௝(ݐ) = ൬
2ߨΩ
60 ൰ ݐ − (݆ − 1) ⋅
2ߨ
ܰ , (22)
where, ܰ is number of cutter, Ω is rotational speed. 
The function ݃൫߶௝൯ is a unit step function that determines whether the tooth is in or out of cut, 
that is: 
݃൫߶௝(ݐ)൯ = ൜1,    ߶௦௧ < ߶௝(ݐ) < ߶௘௫,0, otherwise, (23)
where, ߶௦௧ and ߶௘௫  are that start and exit immersion angles of the cutter to and from the cut, 
respectively. 
The governing equation of milling is a delayed differential equation with the tooth-passing 
period ܶ as delay. The dynamic equation of “cutter-workpiece” is expressed as follows: 
൤ܯ௖ ܯ௪൨ ݌ሷ(ݐ) + ൤
ܥ௖
ܥ௪൨ ݌ሶ(ݐ) + ൤
ܭ௖
ܭ௪൨ ݌(ݐ) =
1
2 ܽܭ(ݐ)[݌(ݐ) − ݌(ݐ − ܶ)], (24)
ܭ(ݐ) = ෍ ݃ ቀ߶௝(ݐ)ቁ
ே
௝ୀଵ
ቈ ݇௧ݏ߶௝ܿ߶௝ + ݇௥ݏ
ଶ߶௝ ݇௧ܿଶ߶௝ + ݇௥ݏ߶௝ܿ߶௝
−݇௧ݏଶ߶௝ + ݇௥ݏ߶௝ܿ߶௝ −݇௧ݏ߶௝ܿ߶௝ + ݇௥ܿଶ߶௝቉, (25)
where, ݏ߶௝ = sin(߶௝(ݐ)), ܿ߶௝ = cos(߶௝(ݐ)). 
Using ݍ(ݐ) = ܯ݌ሶ(ݐ) + ܥ݌(ݐ)/2 to the Eq. (12), which may be rewritten as [19]: 
ݍሶ (ݐ) = ܷ(ݐ) ⋅ ݍ(ݐ) + ܸ(ݐ) ⋅ ݍ(ݐ − ܶ). (26)
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Discretization is introduced using a time interval [ݐ௜, ݐ௜ାଵ] with ݐ௜ାଵ − ݐ௜ = Δݐ. The delayed 
state ݍ(ݐ − ܶ) is approximated by: 
ݍ(ݐ − ܶ) ≈ ݍ ൬ݐ௜ +
Δݐ
2 − ܶ൰ ≈
ݍ(ݐ௜ − ܶ + Δݐ) + ݍ(ݐ௜ − ܶ)
2 =
ݍ௜ି௠ାଵ + ݍ௜ି௠
2 . (27)
The solution of milling dynamic equation is expressed as follows: 
ݍ(t) = ܥ଴exp൫U௜(t − t௜)൯ −
1
2 ௜ܷି
ଵ ⋅ ௜ܸ ⋅ (ݍ௜ି௠ାଵ + ݍ௜ି௠). (28)
There are two possible instabilities can be observed: the critical eigenvalue is greater than 1. 
This case corresponds to the Hopf bifurcation causing the quasiperiodic chatter. The critical 
eigenvalue is real and its value is smaller than –1. This case corresponds to the period doubling or 
flip bifurcation, which causes the periodic chatter.  
3. Modal test and milling forces 
3.1. Modal tests of both cutter and workpiece 
The difference between the transfer function of the relative movement with respect to the 
treatment of the tool’s and workpiece’s transfer functions as two independent entities seems 
obvious. For the transfer function of tool and workpiece, the modal test is conducted in 5-axis 
machining center (DMU50). The diameter of cutter is 16 mm. There are some equipment as 
follows: 1) modal testing and analysis software Cut/Pro; 2). USB Carrier I/O-9233; Accelerometer 
sensor8778a500 (Sensitivity 10.00 mV/g); Hammer type (B&K8206-002) 9722a500 (Sensitivity 
10.00 mV/g); Sampling Rate (Hz):50000; Frequency Range (Hz): 50-5000; Transfer functions: 
Displacement-Force. 
a) Accelerometer sensor on cutter tip b) Modal tests of thin-wall part 
 
c) Modal tests of cutter 
Fig. 2. The modal test of cutter and thin-wall part 
The frequency response functions (real part and imagine part) of tool point are measured in ݔ 
and ݕ  direction, as shown in Fig. 3. The modal parameters are identified based the transfer 
function, as shown in Table 1. The frequency response functions (real part and imagine part) of 
thin-walled part are measured in ݔ and ݕ direction, as shown in Fig. 4. The multi-modes relative 
transfer function of tool and workpiece are shown in Fig. 5. It can be shown that the transfer 
function of the structure of a processing system depends on the relative relationship between the 
two subsystems. A first-order natural frequency equal to the natural frequency between the lowest 
among all the natural frequency, the last-order natural frequency is equal to the natural frequency 
between the highest natural frequency, that is the natural frequency of the system is relatively low 
to the high order by sequentially increased number order. 
2136. INVESTIGATION ON CHATTER STABILITY OF THIN-WALLED PARTS IN HIGH-SPEED MILLING BASED ON RELATIVE TRANSFER FUNCTIONS.  
LIDA ZHU, YANG DING, CHANGFU LIU, ZHIWEI XU 
 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. SEP 2016, VOL. 18, ISSUE 6. ISSN 1392-8716 3465 
 
Fig. 3. Two orthogonal direction FRFs measured at the tool tip 
 
Fig. 4. Two orthogonal direction FRFs measured at thin-walled part 
The frequency response function (FRF) matrix of the machine-tool structure at the tool tip 
(tip-tip FRFs) was determined by an impact test procedure. In order to check for the presence of 
mode coupling, the tool response was measured in ݔ  and ݕ  directions at both locations. The 
measured FRFs were curve fit by commercial modal analysis software to identify the modal 
parameters and calculate the tip-tip FRFs. The obtained diagonal elements of the system for the 
tip-tip FRFs are listed in Table 1. 
Table 1. The modal parameters of milling cutter  
Modal 
parameter 
ݔ direction ݕ direction 
Natural frequency 
(Hz) 
Damping 
ratio 
Rigidity 
(N/m) 
Natural frequency 
(Hz) 
Damping 
ratio 
Rigidity 
(N/m) 
First order  
of cutter 802 0.0549 7.9541e6 769 0.1021 4.1326e6
 
Second order  
of cutter 1140 0.0263 4.678e6
 1124 0.0156 7.1136e6 
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Fig. 5. Relative transfer function of multi-modes in ݔ direction  
According to the analyzed first order and second order frequency for cutters and workpieces 
and the relative transfer function theory, the transfer function of the structure of the processing 
system depends on the relative relationship between the tool and workpiece subsystem. The first 
order frequency equals the lower natural frequency of tools and workpieces; the second order 
frequency equals the higher natural frequency of tools and workpieces. 
3.2. Measurement of milling force coefficient 
3.2.1. Experiment setup 
The milling tests were a CNC vertical machining center VMG850, equipped with variable 
spindle speed from 100 to 8000 rpm. A three-dimensional Kislter9265B dynamometer was 
mount on machine table to measure the cutting forces, and the instantaneous cutting force were 
recorded in ݔ, ݕ and ݖ direction by a type Dyno Ware signal analyzer software after amplification 
using a type 5070A multi-channel charge amplifier. The workpiece was mounted on the 
dynamometer through a specially designed fixture. The cutting tool (one insert used) in the 
experiment was a 12-mm diameter end mill (catalog number: EGO EAP300R 12D120L GC-0109) 
with a tool holder. The insert is APMT 1135 PDER DP5320. The milling tests were conducted 
on a high speed milling center using a cylindrical end mill with a single cutting edge (ܰ = 1). 
A relatively large overhang was used to assure a single domain vibration mode of the tool, 
whereas a single edged cutter was used to avoid the disturbances due to tool runout. The setup 
of the machining experiment is shown in Fig. 6. 
The experimental materials are thin-walled Ti-6Al-4V alloy workpiece (200×150×5 mm), 
which has a series of advantages of good corrosion resistance, smaller density, higher strength and 
better toughness and weldability, etc. It is used widely in the aerospace, automotive and 
biomedical industries etc. The chemical and physical properties of Ti-6Al-4V can be seen in 
Table 2 and Table 3 separately. 
Table 2. Chemical composition of titanium TC4 
Alloying element Al V Fe C N H O Ti 
Content (%) 6.1 4.1 0.15 0.02 0.02 0.006 0.12 Margin 
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Table 3. Main physical properties of titanium TC4 
Density 
kg/m3 
Elasticity 
modulus 
GPa 
Poisson 
ratio 
Tensile 
strength 
MPa 
Yield 
strength 
MPa 
Elongation 
% 
Thermal 
conductivity 
W/(m·K) 
Hardness 
HB 
4420 110 0.31 960-1270 820 ≥8 7.955 195 
 
 
a) Before machining 
 
b) After machining in one parameter 
Fig. 6. Measurement of milling force coefficients 
3.2.2. Experimental procedure 
The machining tests were carried out in the type of down milling operation and dry cutting. At 
the beginning of the experiments a new tool insert was mounted onto the tool holder. The spindle 
speed is 800 rpm. 
It can be calculated from Table 4 that the cutting force coefficients ܭ௧௖ , ܭ௥௖  and ܭ௔௖  are  
1686.5, 428.5 and 618.2 by the shearing action in tangential, radial, and axial direction, 
respectively, and the edge constantsܭ௧௘, ܭ௥௘, ܭ௔௘ are 24.7,42.9 and5.5. 
Table 4. The cutting test data 
Number Feed per tooth (mm/z) Depth of cut ܽ௣ (mm) ܨ௫ (N) ܨ௬ (N) ܨ௭ (N) 
1 0.04 1 73.82 106.54 21.33 
2 0.06 1 98.36 123.32 54.29 
3 0.08 1 118.76 141.86 79.84 
4 0.04 2 80.59 213.29 38.18 
5 0.06 2 104.58 279.06 78.52 
6 0.08 2 138.82 354.67 83.38 
7 0.04 3 193.25 374.35 79.13 
8 0.06 3 240.13 480.68 98.84 
9 0.08 3 253.41 632.73 101.27 
3.3. Predicted milling forces 
The total instantaneous cutting forces are evaluated by integration of the contributions of all 
the differential edge segments of the tool. Furthermore, the total cutting forces can be derived 
from the three orthogonal force components in Cartesian coordinates in ݔ, ݕ and ݖ directions as 
follows: 
቎
ܨ௫(߶)
ܨ௬(߶)
ܨ௭(߶)
቏ = ݂2 ቎
−ܭ௧௖sin2߶ −2ܭ௥௖sinଶ߶ −ܭ௔௖sinଶ߶
−2ܭ௧௖sinଶ߶ −ܭ௥௖sin2߶ −ܭ௔௖sin2߶
0 −2ܭ௔௖sin߶ 2ܭ௥௖sin߶
቏ ൥
ܣଵ
ܣଶ
ܣଷ
൩
      + ൥
−ܭ௧௘cos߶ −ܭ௥௘sin߶ −ܭ௔௘sin߶
ܭ௧௘sin߶ −ܭ௥௘cos߶ −ܭ௔௘cos߶
0 −ܭ௔௘ ܭ௥௘
൩ ൥
ܤଵ
ܤଶ
ܤଷ
൩, 
(29)
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where, ߶  is the tool’s rotational angle; the start angle ߶௦௧ = 0  and the exit angle  
߶௘௫ = ܽcos(ݎ − ܽ௘ ݎ⁄ ). ܣଵ = ׬ ݀ݖ௭మ௭భ , ܣଶ = ׬ sinߢ(ݖ)݀ݖ
௭మ
௭భ , ܣଷ = ׬ cosߢ(ݖ)݀ݖ
௭మ
௭భ , ܤଵ = ׬ ݀ܵ(ݖ)
௭మ
௭భ , 
ܤଶ = ׬ sinߢ(ݖ)݀ܵ(ݖ)௭మ௭భ , ܤଷ = ׬ cosߢ(ݖ)݀ܵ(ݖ)
௭మ
௭భ . ݖଵ, ݖଶ are integral up limit and down limit. 
The milling parameters TC4 Thin-walled part are listed as follows: the depth of cut: 2 mm; 
feed per tooth: 0.05 mm/z; tool diameter: 12 mm, the number of tooth: 1; the radial depth of cut: 
ܽ݁ = 0.25ܦ and 0.5ܦ. The milling forces of thin-walled part are simulated in different parameters, 
as shown in Fig. 7. It can be noticed that the milling forces value is not change with the increase 
of radial depth of cut, but the exit angle increase. 
In the experiment of milling force coefficients measurement, the instantaneous cutting forces 
in three directions are measured by dynamometer and the data has been saved in the computer. 
Then the data is calculated to obtain the milling force coefficients in regression method. With the 
milling force coefficients, the stability lobes can be elaborated after getting the modal parameters 
in modal tests. 
 
a) ܽ݁ = 0.25ܦ  b) ܽ݁ = 0.5ܦ 
Fig. 7. Milling forces in ݔ, ݕ and ݖ directions 
4. Predicted stability charts  
Stability lobes are predicted by the semi-discretization (SD) method for up milling and a series 
of radial immersions based on the stability model. A single set of lobes is observed in the chart in 
low radial immersion ranges. The stability maxima are located at approximately 3.2, 2.25, 1.75, 
1.3.5, 1.18 krpm. This set of lobes corresponds to the Hopf bifurcation instability which causes 
quasiperodic chatter vibrations. Influences of radial depth of cut on stability lobes. It can be 
noticed in Fig. 8 that two predicted results are coincident in the ܽ݁ ≥ 0.25ܦ, but they are quite 
different when ܽ݁ ≤ 0.1ܦ, particularly in high speed, which belongs to the small radial depth of 
cut. The decrease of radial depth of cut is, the increase of axial depth of cut is. Since the strength 
of intermittence, stability zone becomes narrow. 
3D stability lobe diagram is simulated by semi-discrete time domain analysis method, which is 
composed of spindle speed, axial depth of cut and radial depth of cut, as shown in Fig. 9. The 
stability lobes determined by cutter are represented (Fig. 10) for the first and second modes. Two 
points are selected for further study. 
When analyzing the stability of a milling progress, milling forces and vibration displacements 
for the ݔ and ݕ directions displacements will be the decision conditions. The datas obtained at the 
cutting condition A (22000 rpm, 2 mm) in Fig. 10 are shown in Fig. 11 as displacements and 
forces curves, which a stable cutting progress is represented. Conversely, in Fig. 12, operating 
parameters of the flip bifurcation for the point B (31000 rpm, 1.7 mm) is shown. The 
once-per-revolution sampled data (‘*‘symbols) demonstrate quasiperiodic, Hopf instability. Plot 
of ݔ  versus ݕ direction displacements obtained from the cut. The elliptical distribution of the 
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once-per-revolution sampled data (‘*‘symbols) indicates instability. Shown in the vibration 
displacements curves, under the cutting condition A, the milling is stable. However, under the 
cutting condition B, the vibration amplitude increases and the quality of milling progress is quite 
low. Known from the Fourier spectrum, when the cutting is stable, the vibration frequency is equal 
to multiple amplitude with the cutter frequency. Under the cutting condition B, vibration 
frequency is equal to the forced vibration frequency and the filp bifurcation chatter frequency. 
According to the high speed and interrupted cutting periodic filp bifurcation unstable theory, the 
chatter frequency shows that the dynamic milling forces and periodic chatter occur, which 
represents the cutting progress is unstable. 
 
a) ܽ݁ = 0.25ܦ, ߱௡ = ߱ସ 
 
b) ܽ݁ = 0.1ܦ, ߱௡ = ߱ସ 
Fig. 8. The ZOA and SD stability lobes in low radial immersion milling 
 
Fig. 9. 3D stability lobe diagram 
 
 
Fig. 10. Stability lobes for two modes  
of cutter (ܽ݁ = 0.2ܦ) 
From the all the above analysis, semi-discrete method does better accuracy than ZOA method 
in prediction of low radial immersion milling. Consequently, with the radial cutting depth 
decreasing, milling intermittent enhanced, lobe of stability is gradually narrowed, which will 
broaden chatter zone. And it is more accurate to apply the semi-decrete time domain analysis to 
determine the stability area in low radial cutting depth machining. For example, when the spindle 
speed is 40000 rpm, under the conclusion got by semi-decrete method, the axial cutting depth can 
be 1.5 mm or more (ܽ݁ ≥ 1.5 mm) without chatter. However, the depth can only be selected at 
1mm or less (ܽ݁ ≤ 1 mm) according to the ZOA method. Consequently, a higher efficiency in 
thin-walled parts milling progress can be achieved, which is the goal of milling parameters 
optimization. 
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a) Milling forces in ݔ and ݕ direction  b) FFT in in ݔ and ݕ direction 
 
c) The displacement in ݔ and ݕ direction  d) The ݔ versus ݕ direction displacement 
Fig. 11. The milling forces and vibration displacements in point A (22000 rpm, 2 mm) 
 
a) Milling forces in ݔ and ݕ direction  b) FFT in in ݔ and ݕ direction 
 
c) The displacement in ݔ and ݕ direction   d) The ݔ versus ݕ direction displacement 
Fig. 12. The milling forces and vibration displacements in point B (33000 rpm, 1.7 mm) 
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5. Conclusions 
The chatter stability condition in high-speed milling is closed relative to among spindle speed 
and depth of cut, besides cutter geometry, engagement conditions, frequency response function, 
material property of workpiece and so on. For the high-speed machining system, the stability 
model is relative to high-order dynamic behaviour of multi-DOF system. 
The dynamic model and the critical condition of stability determined by the relative dynamic 
characteristics between cutter subsystem and thin-walled subsystem are proposed to obtain the 
reasonable and accurate stability domain. 
For those concerned with detailed process modeling, the exact nature of milling instability 
(Hopf or flip bifurcation) is extremely interesting. In thin-walled part milling, the radial depth of 
cut has to be considered. When the radial depth of cut is low, additional stable zones appear that 
“split” the higher radial depth stability lobe. 
Since the variation of the dynamic parameters of thin-walled part due to material removal and 
the use of deformable tool and wear, it is necessary to integrate into the stability lobes model by 
tracing the dynamic behaviour variation of with during diverse machining stages. 
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